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Abstract 
 
We compute the mass spectrum of the fermionic sector of the Dirac-Kähler 
extension of the SM (DK-SM) by showing that there exists a Bogoliubov 
transformation that transforms the DK-SM into a flavor U(4) extension of the 
SM (SM-4) with a particular choice of masses and mixing textures. Mass 
relations of the model allow determination of masses of the 4th generation. Tree 
level prediction for the mass of the 4th charged lepton is 370 GeV. The model 
selects the normal hierarchy for neutrino masses and reproduces naturally the 
near tri-bimaximal and quark mixing textures. The electron neutrino and the 4th 
neutrino masses are related via a see-saw-like mechanism.  
 
Keywords:  4-generation SM extension, mass spectrum, CKM and PMNS mixing, 
Dirac-Kähler spinors  
 
1. Introduction 
 
Originally Dirac-Kähler (DK) spinors became interesting within the context of lattice 
fermion doubling problem [1, 2]. These objects, which describe multiple fermionic degrees of 
freedom, do not exhibit fermion doubling and their naïve lattice limit coincides with their 
continuum analog. It was then realized that the extra degrees of freedom could be useful to 
describe the generation structure of the SM [3, 4]. However, because of a number of technical 
issues [5, 6] and the general belief that the fourth generation was ruled out by the EW data, 
this approach to solving the generation puzzle was not pursued.  
It is now clear that four-generation extensions do not necessarily contradict the data [7-
11]. Moreover, some of the technical problems that prevented the use of DK spinors in 
realistic models have been recently solved [12].  In this Letter, which should be considered as 
a companion article to [12] and to which the reader is referred for details on DK spinors, we 
describe the DK-SM, an extension of the SM to a four generation model that uses DK spinors, 
and show that there exists a Bogoliubov transformation in the phase space that maps its Fock 
space into that of a SM-4 with a particular choice of masses and mixing. Its main two 
differences from other four-generation extensions come from flipped anti-commutation 
relations for the 3d and 4th generations and from the form of the mass matrices. In the DK-SM 
they are not arbitrary but belong to ( )2,2U . As a result, the form of its mixing is constrained 
and the lepto-quark sector of the model contains four mass relations, allowing determination 
of the masses of the 4th generation, if the masses of the first three generations are known. In 
this Letter we compute the mass spectrum of the theory and compare tree-level predictions for 
the 4th generation masses with their experimentally known bounds. Mixing in the DK-SM 
shall be mentioned only briefly. We describe the textures of the DK-SM mixing matrices that 
apply both to lepton and quark sectors. Details on mixing shall be presented elsewhere. 
The Letter is organized as follows. In Section 2 we describe DK spinors and the DK-SM. 
In Section 3 we compute its mass spectrum. In Section 4 we compare the tree-level 
predictions for masses of lepto-quarks with the experimental data and discuss mixing. Section 
5 is a summary. 
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2. Spinbeins and the DK Extension of the SM 
 
Given a pseudo-Riemannian manifold M , a DK spinor is defined as an inhomogeneous 
differential form f with values in the Lie algebra of the internal symmetry group [13, 14]. 
One defines massless on-shell DK spinors coupled to background gravity as solutions of 
( ) 0=− fd δ , where  d  is the exterior derivative, and δ−  is its adjoint.  Unlike the Dirac 
spinor case, the coupling of DK spinors to gravity is unique. The relation between differential 
forms and spinors on M can be seen in the special basis in the space of differential forms [2]. 
Given an orthonormal frame one-forms ae  and tangent space γ -matrices aγ , it is defined by 
( ) p
p
aa
aa eepZ  11!1 γγ=  so that ( )ZTrf Ψ= . Under the general coordinate 
transformations the coefficient matrix Ψ  transforms as a scalar, while under local Lorentz 
frame rotations bab
a ee Λ→   it transforms as a multiplet of integer-valued spin fields 
according to ( ) ( ) ( ) ( ) 1−ΛΨΛ→Ψ SxSx , where S denotes a spinor representation of ( )3,1SO . 
When M  is flat then the equation on Ψ  that is obtained from ( ) 0=− fd δ  reduces to four 
Dirac equations and one can identify the four columns of Ψ with four generation of Dirac 
spinors. However, such identification is possible only for flat M [14].  
A generally covariant way of identifying Dirac degrees of freedom contained in a DK 
spinor was described in [12]. One takes two sets of Dirac spinors Aξ  and Aη , 4,,1=A , 
and defines the spinbein decomposition of Ψ by 
  
 
AA
βααβ ηξ=Ψ ,          (1) 
 
where the commuting dimensionless spinbein Aη satisfies the orthonormality conditions 
 
 
ABBA δηη αα = ,  αββα δηη =AA .        (2) 
 
Here Aη denotes the DK conjugate of Aη , BABA ηη Γ= , 0γηη += BB , ( )1,1,1,1 −−≡Γ diag . 
An example of a spinbein that is often used is ( )( ) ( )( ) ( )( ){ }2,1,2,1,, === βαβα kvkuku A , 
where ( )( ) ( )( )kvku βα ,  form the set of normalized positive and negative energy solutions of the 
Dirac equations in the phase space. Here the role of the generation index is played by the two 
combined spin indexes. 
Representation (1, 2) is trivially invariant with respect to simultaneous local ( )2,2U  
transformations of Aξ  and Aη : BABA V ξξ → , BABA V ηη → , 1=ΓΓ + VV . Therefore, for 
Minkowski M the coordinate dependence of Aη can be eliminated globally and in (1) we can 
choose a constant spinbein constA =η . This condition fixes the ( )2,2U  gauge, which is called 
the unitary gauge. Choosing the unitary gauge breaks local ( )2,2U  and transfers all physical 
degrees of freedom of Ψ  to the multiplet of four Dirac spinors Aξ .  
We now describe the fermionic sector of the DK-SM. In the SM the left- and the right-
handed lepto-quarks transform in different representations of ( )2SU . As a result, dimension 
three gauge invariant mass terms for chiral fermions are not allowed. In the DK-SM they are 
allowed. Consider three DK ( )2SU  doublet fields Ψ , uΦ , dΦ  with spinbein decompositions 
that use an ( )2SU  singlet spinbein η  and two factorizable ( )2SU  doublet spinbeins χ  and θ  
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  ηQ=Ψ , χuu =Φ , θdd =Φ .       (3) 
 
 χϕχ ˆii = ,  1ˆˆ =χχ , θϕθ ˆ∗= ii , 1ˆˆ =θθ , 1=∗ ii ϕϕ .   (4) 
 
The choice of factorizable spinbeins insures that they are non-dynamical [12]. Here iϕ  is a 
( )2SU  doublet of scalars. 
 The left-handed AQ  and the right-handed AA du ,  quark fields represent the four 
generations of Dirac spinor particles transforming in the fundamental representation of ( )3SU . 
Additionally, we shall take u , d ,η  as ( )2SU  singlets  while Q , χ ,θ  are taken to be ( )2SU  
doublets with gauge transforms 
 
  QTQ → , χχ T→ , θθ ∗→ T ,   ( )2, SUTT ∈∗  ,   (5) 
 
so that under ( )2SU  the three DK fields transform as doublets 
 
  Ψ→Ψ T , uu T Φ→Φ
∗
, dd T Φ→Φ .      (6) 
 
If we assume that Q , du,  are ( )3SU  singlets then the following discussion describes four 
generations of leptons with Dirac mass term for neutrinos.  
 The quark sector of the DK-SM is described by the ( )2SU  invariant Lagrangian with 
three chiral DK fields given by (3) 
 
       
( ) ( ) ( )[ ]
( ) ( )[ ] [ ] ,22 ΨΦ+ΦΨ−ΨΦ−ΦΨ−
−Φ/Φ+Φ/Φ+Ψ/Ψ=
ddduuu
dduu
TrmiiTrm
DiDiDiTr
σσ

    (7) 
 
where D/  are the usual ( ) ( ) ( )123 YLC USUSUG ××=  gauged derivatives when acting on the 
Dirac spinor components of the DK fields and are ungauged derivatives when acting on 
spinbeins  [12]. Parameters um , dm  are bare masses for the up and down quarks. The lepton 
sector is obtained by dropping ( )3CSU  fromG . The remaining terms in the DK-SM are the 
same as in the SM, except that adding Higgs-related terms is optional. Such terms can be used 
to generate the gauge field mass but in principle it can be generated using the DK-SM 
surrogate Higgs fields constructed from contractions of the three spinbeins
 
[12].  In the 
unitary gauge with const=η , const=χˆ , const=θˆ , const=ϕ  we obtain 
 

 += ,   
( ) ( ) ( ) AAAAAiAi dDiduDiuQDiQ /+/+/= ,       (8) 
( ) ( )( ) ( ) ,~~ 22 BiiAABdBiAiABddAiiBABuBiAiABuu QddQmQiuuiQm ∗∗ +−−−= ϕϕϕσϕσ   
 
ABAB
u ηχˆ= ,  ABABu χη ˆ
~
= , 
ABAB
d ηθˆ= , ABABd θη ˆ
~
= . (9) 
 
In general θχ ˆˆ ≠  and ABdABu  ,  are independent from each other. In (8) the non-dynamical 
field ϕ  plays the role of the surrogate Higgs field of the SM. Combined with mass 
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matrices ABuum , 
AB
ddm  it generates the familiar Yukawa terms for massless up and down 
quarks. If we choose 01 =ϕ , 12 =ϕ  then (8) reduces to the action for four generations of two 
multiplets of massive Dirac spinors with masses Aum , 
A
dm , 4,,1=A  that have to be 
determined by diagonalizing the mass terms of 
 
( ) ( ) ( ) ( )..21 ccdQmuQmdDiduDiuQDiQ BABdAdBABuAuAAAAAiAi ++−/+/+/=  . (10) 
 
3. The Mass Spectrum of the DK-SM 
 
Spinbein orthonormality (2) implies ( )2,2Udu, ∈ . On classical level we can use 
invariance of 

  with respect to global ( )2,2U  to absorb du,  in (10) in the definitions of 
u , d and, therefore, classically the fermion masses are generation-independent u
A
u mm = , 
d
A
d mm = .  The mass spectrum of the classical DK-SM is completely degenerate. Quantized 
DK-SM has a generally non-degenerate spectrum, for quantization breaks global ( )2,2U  to  
( ) ( )22 UU ×  and, hence, the matrices ABdABu  ,  in (10) can no longer be absorbed in the 
definitions of u , d [12]. As a result, quantization lifts ( )2,2U  mass degeneracy and generates 
non-trivial mixing matrices for the quark and, independently, for lepton sectors.  
We now compute the mass spectrum of the DK-SM theory. Mixing in the DK-SM shall be 
described in a follow-up article. Since derivation of the spectrum of the DK-SM contains 
some unusual features, for clarity we carry out the procedure in parallel both for SM-4, the 
naïve extension of the SM, where the kinetic part of the action has global ( )4U  flavor 
symmetry, and for DK-SM.  Mass matrix diagonalization of DK action differs from its SM-4 
analog. In the latter case one can diagonalize by global ( )4U  flavor transformation of the 
Dirac fields, similarly to how it is done in the SM. Such transformation does not exist for the 
DK-SM action, because its kinetic part is not ( )4U  invariant. The reason for the difference 
can also be seen in the phase space. Because of the flipped anti-commutation relations for the 
generations 3 and 4 in (15, 16) below, some of the mass terms of the DK-SM action 
contribute to its kinetic component.  
As a preliminary step we describe a version of the Cartan group element decomposition 
for ( )2,2U . It is analogous to that for ( )4GLM ∈ , which is used to diagonalize mass terms in 
the SM-4 case. Recall that an arbitrary non-degenerate matrix ( )4GLM ∈  can be represented 
as a product of three matrices, two of which are unitary, while the middle factor is positive 
and diagonal 
 
VRUM D= ,  ( )4, UVU ∈ , ( ) 0,4,,1, >== kjD jdiagR λλ  .  (11) 
 
Similar decomposition for ( )2,2U∈  is given by 
 
VRU= ,           (12) 
 
where ( ) ( )22, UUVU ×∈  and positive middle factor is given by 
 






=
CS
SC
R ,  ( )21 , λλ shshdiagS = , ( )21 , λλ chchdiagC = ,   (13) 
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where parameters 21 ,λλ  may be taken as non-negative real. The eigenvalues of R  pair up and 
form a spectral set ( )2121 ,,, λλλλ ++−− eeee , where, assuming non-degeneracy of the spectrum, to 
be definite we chose 21 λλ > . Note that both decompositions are defined up to a unitary factor 
that commutes with the middle factor. Below, to compare DK-SM and SM-4, we shall assume 
that in (11) RRD =  and associate the spectral set of R with the matrix  
 
 
( )2121 ,,, λλλλ ++−−= eeeediagRd .       (14) 
 
To compute spectrum we shall also need the normalized off-shell Fourier expansions for 
the chiral DK fields. In two-component form they are given by 
 
 
( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( )( ) ,2,1,2
,
2
214
4
124
4
=+=
+=
+
+
−
−
+
+
−
−


Aekwkdekwkbkdx
ekwkdekwkbkdx
ikx
R
Aikx
R
AA
R
ikx
L
Aikx
L
AA
L
pi
ξ
pi
ξ
  (15) 
 
( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( )( ) ,4,3,2
,
2
214
4
124
4
=+=
+=
+
−
−
+
+
−
−
+


Aekwkdekwkbkdx
ekwkdekwkbkdx
ikx
R
Aikx
R
AA
R
ikx
L
Aikx
L
AA
L
pi
ξ
pi
ξ
  (16) 
where ( ) ( )( )xx ARAL ξξ ,  stand for ( ) ( )( )xuxQ AA ,1  or ( ) ( )( )xdxQ AA ,2  in (10). The standard on-
shell expansions are recovered if we use ( ) ( ) ( )20, kkkw RL δθ∝± . The four off-shell Dirac 
spinor amplitudes ( )kw RL ±,  are determined essentially uniquely by requiring that the spin off-
diagonal terms in the phase space representation of the free action vanish and are given by 
 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ,,
,,
2121
2121
ukkwvkkw
vkkwukkw
RR
LL
σσ
σσ
⋅−=⋅=
⋅=⋅=
+
+
−
+
+−
     (17) 
 
where we use the chiral representation of the γ -matrices with Γ−=5γ given in  [15], vu,  are 
two constant two-component orthonormal spinors and µµ
µ
µ σσσσ kkkk =⋅=⋅ , ,  
( )iσσ µ ,1= , ( )iσσ µ −= ,1 , where 3,2,1, =iiσ , are the Pauli matrices. In the reference frame 
with 021 == kk  we can take for up spin ( )Tu 1,0= and for down spin ( )Tv 0,1= . The square 
root of Hermitean matrices ( )σ⋅k , ( )σ⋅k  is uniquely defined via positive sign square roots of 
their eigenvalues. Up to possible phases, the particular choice (17) reduces on-shell to the 
standard expressions for massless spinors [15]. The off-shell amplitudes satisfy orthogonality 
conditions that ensure the vanishing in the free action of the terms containing differing spins 
 
 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) .0,0
,0,0
==
=⋅=⋅
+
+
+−
+
−
+
+
−+
+
−
kwkwkwkw
kwkkwkwkkw
RLRL
RRLL σσ
    (18) 
 
We now proceed with computing the spectrum for the up quarks. The down quarks 
spectrum can be obtained analogously. Using (15-17) we can write the up quark action terms 
in (10) as a bilinear form in a 32-dimensional Grassmann space 
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 iSSS += 0 ,          (19) 
 
where the free 0S  and the interaction iS  parts of the action are given by 
 
( ) ( ) ( )( )
( )
( )
( )
( ) 










=
++
kC
kC
k
k
kCkCkdS
2
1
2
1
214
4
0 0
0
,
22
1


pi
,    (20) 
( ) ( ) ( ) ( ) ( )
+
= '',
2
'
22
1
4
4
4
4
kCkkkCkdkdSi 
pipi
,  ( ) ( ) ( )( )kCkCkC 21 ,= ,    
 
where two sixteen-component vectors αC  with definite spin 2,1=α  defined by 
 
( ) ( ) ( ) ( ) ( )( )TAAAA kdkbkdkbkC −−= ++ ααααα ,,, .       (21) 
 
For the SM-4 case the integrand in iS can be written as 
 
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ,...'','',
'','','',
1221
2211
+−+−+
+−−=
++
+−−+
+
−−
+
++
+
kdkbkkhkbkdkkh
kbkbkkhkdkdkkhkCkkkC
AAAA
AAAA

   
 
where the remaining four terms are obtained by flipping the anti-commuting bd ,  factors. The 
factors ( )',kkh ±±  are linear combinations of the off-shell creation and annihilation operators 
of the gauge fields, the on-shell versions of which are defined in [16]. Their exact expressions 
are not needed for our discussion. They become important when mixing is discussed. For the 
DK-SM case one obtains an analogous expression by switching the spinorial creation and 
annihilation operators for 4,3=A .  
Since below we will be dealing with manifestly covariant expressions for various 
quantities, for simplicity from now on we shall use the in the 021 == kk  reference frame. 
The factors ( ) ( ),, Mkk αα  =  where dRfM = , satisfy  
 
( ) ( )MkMk ,, αα  =+ , ( ) ( )+= MkMk ,, 12  ,       (22) 
 
and for the SM-4 case are defined by  
 
( )














−−
−
−
=
+
−
∗
+
∗
−
IgRf
IgRf
RfIg
RfIg
k
d
d
d
d
00
00
00
00
1 ,  ( )














−−
−
−
=
+
∗
−
∗
+
−
IgRf
IgRf
RfIg
RfIg
k
d
d
d
d
00
00
00
00
2 ,(23) 
 
where I is the 44 ×  unit matrix and ( )kg± , ( )kf  are given by 
 
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) .
,
*21
30
21
30
2
30
kkkkikwkwkwkwkf
kkksignkwkkwkwkkwkg
RLRL
RRLL
+−=−=−=
=⋅=⋅=
+
+
−−
+
+
±
+
±±
+
±±  σσ
 (24) 
  
    
 - 7 - 
  
As it turns out, their general expressions are not needed, because to compute the spectrum we 
shall use an anti-commutation relations preserving unitary transformation that reduces the 
DK-SM case to the SM-4 case, where diagonalization is trivial. Here we assumed that the 
usual SM-4 global ( )4U  flavor rotation has been made to transform R into its diagonal 
form dR  in (14).  
For the DK-SM case such rotation is not possible and we need to diagonalize two 1616 ×  
blocks of
 
the 3232 ×  matrix in (20). The DK-SM analog of (23) is 
 
( )














Γ−
Γ−−
−Γ
Γ
=
+++
∗
+−+
+
+++
+
+
+
+−
gMM
MgM
MgM
MMg
k
T
cd
cd
dc
dc
0
0
0
0
1 , ( )














Γ−
Γ−−
−Γ
Γ
=
+−−
∗
−−−
+
−+−
+
−
+
−−
gMM
MgM
MgM
MMg
k
T
cd
cd
dc
dc
0
0
0
0
2 , (25) 
 
where the diagonal matrices ±dM  are given by 
 
           




−
= ∗+ Cf
Cf
M d 0
0
,  






−
=
∗
− Cf
Cf
M d 0
0
, 





=
2
1
0
0
λ
λ
ch
ch
C , (26) 
 
and the cross-diagonal matrices ±cM  are given by 
 








−
=
∗
+ 0
0
Sf
Sf
M c ,   





−
= ∗− 0
0
Sf
Sf
M c , 





=
2
1
0
0
λ
λ
sh
sh
S . (27) 
 
Here we assumed that the ( ) ( )22 UU ×  flavor rotations on the quark fields AAAi duQ ,, have 
been carried out so that mass matrices du,  in (10) have been reduced to their middle factors 
in (12).  
We are now ready to compute the spectrum of the DK-SM. Recall that the action for the 
free massive Dirac spinor with mass m vanishes on-shell. Therefore, its off-shell action 
density vanishes whenever 22 mk =  and we can identify the spectrum of the free Dirac field 
with the set of zeroes of the characteristic equation derived for the 3232 ×  matrix in (20), 
which we shall call the spectral zero set. This allows us to compute the spectrum of the DK-
SM, because as we shall prove below its spectral zero set is identical with that of SM-4 for a 
particular choice of masses of the SM-4 multiplet.  
To prove this we shall show that the characteristic equations for the eigenvalue problems 
for the SM-4 and DK-SM are identical and thus have identical spectra. From this we will 
conclude that there exists a 3232 × anti-commutation relations preserving unitary 
transformation in the Grassmann space that transforms the DK-SM bilinear form in (20) into 
its SM-4 analog. In the end, despite the more complicated form of (25-27), the spectrum of 
DK-SM obeys the same rule as in the SM-4 case: it is determined by the set of eigenvalues of 
the middle factor R  in the Cartan decomposition (12) of its mass matrix. 
Trying to derive analytically characteristic equations for arbitrary 1616 ×   matrices is a 
hopeless task. However, after some simplifications our problem can be reduced to dealing 
with a set of  44 ×  matrices and one can write down the characteristic equations for both 
Dirac and DK cases in closed form.  
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First, we note that diagonalization of ( )k1  automatically leads to diagonalization of 
( )k2 . The next step is to realize that, since matrices SC,  in (27, 28) are diagonal, we can 
reduce the 1616 × problem to two 88 × problems by taking λchC = , λshS = , 21,λλλ = . 
Lastly, inspection of the ( )k1  matrices in the SM-4 and DK-SM case reveals that these 
matrices become block-diagonal if we rename rows and columns. Thus at first sight 
analytically intractable eigenvalue problem effectively reduces to a set of tractable 44 ×  
problems. In the SM-4 case we obtain the two relevant 44 ×  matrices  
 
( )














−−
−
−
=
+
−
∗
+
∗
−
gmf
gmf
mfg
mfg
k
A
A
A
A
00
00
00
00
1 , ( )














−−
−
−
=
+
∗
−
∗
+
−
gmf
gmf
mfg
mfg
k
A
A
A
A
00
00
00
00
2 ,     (28) 
 
where iemm A λ±= , dumm ,= , 2,1=i ,  is the mass of one of the eight  SM-4 quarks.  
For the DK-SM case we obtain 44 ×  block-diagonal form for ( )kα after writing (25) in 
88 ×  matrix form with each entry in the matrix containing 22 ×  matrices that mix 2,1=A  
and, separately, 4,3=A  elements only among themselves. Then it becomes apparent that in 
these 88 × matrices elements ( ) ( ) ( ) ( )7,6,4,1  of the ( )kC1  vector form one 4-dimensional 
invariant subspace, while elements ( ) ( ) ( ) ( )8,5,3,2  form an orthogonal 4-dimensional invariant 
subspace. This allows us to write the characteristic equation for the 88 ×  matrix as a product 
of two equations for two 44 ×  matrices ( )( )k±1  that are given by 
 
( )( )














−−−
−−
−−−
−−
=
+
∗
−
∗
+
∗∗
−
+
gsfcf
sfgcf
cfgsf
cfsfg
k
0
0
0
0
1 , 
( )( )














−
−
=
+
∗∗
−
∗
+
∗
−
−
gsfcf
sfgcf
cfgsf
cfsfg
k
0
0
0
0
1 ,  (29) 
 
where now 2,1,, λλλλ === shmschmc .  Note that ( )( ) ( )( )∗±+±− −−= fgfg ,, 11  . 
We can now write the characteristic equation for the full 3232 ×  DK-SM and SM-4 
problems as products of characteristic equations for eight 44 ×  problems. Computing 
appropriate determinants, for the SM-4 case we obtain the same characteristic equation for 
( )k1  and ( )k2 , which results in the polynomial of degree 32 
 
( )( ) ( ) ( )( ) ( ) 02
4,...,1
22222
=




−−+




−−+∏
=
+−−+
A
AA fmggfmgg ρρρρ ,  (30) 
 
where ( )20 , kkρρ =  is the spectral parameter. Using (24) it is easy to verify that 
( )( ) 0, 220 == Amkkρ  is a root of (30) for 4,...,1=A  and that for 02 <k  the roots of (30) 
satisfy ( ) 0, 20 >kkρ . Analogous derivation for ( )( )k+1  and ( )( )k−1 in the DK-SM case results 
in  
 
( )( ) ( )( ) 02222 =




−−+




−−+
−−++−+ fggfgg µρρµρρ ,   (31) 
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( )( ) ( )( ) 02222 =




−−+




−−+
−+−++− fggfgg µρρµρρ ,   (32) 
 
respectively, where λµ 222 ±± = em , 21,λλλ = . Combining (31, 32) with similar equations for 
( )( )k+2  and ( )( )k−2  we conclude that the characteristic equation for the DK-SM case is 
identical to that of the SM-4 case, provided we take its masses proportional to the spectral set 
in (14). This implies that there exists a unitary Bogoliubov transformation that preserves the 
anti-commutation relations and transforms the DK-SM into a SM-4. In other words, the DK-
SM theory with its Fock space defined through (15, 16) is equivalent to an SM-4 theory with 
the standard Dirac one-particle state operators obtained via Bogoliubov rotation of the DK-
SM creation and annihilation operators. 
Including the completely analogous down quark results we obtain that the quark sector 
spectrum of the DK-SM consists of eight masses given by the set 
 
 
{ } ( )2121
,,,,,
,,,
λλλλ ++−−
= ememememm dudududu
A
du .     (33) 
 
The eight quark masses are not independent. For the up and, separately, for the down 
quarks there exist a mass relation that follows from (33). For bare masses we obtain 
 
 
4231
uuuu mmmm = ,         (34) 
 
 
4231
dddd mmmm = .         (35) 
 
Exactly the same analysis applies to the lepton sector of the DK-SM with Dirac neutrinos. 
Therefore, we obtain that in such a case the leptonic mass spectrum of the DK-SM and the 
tree level mass relations are given by  
 
 
{ } ( )4343
,,,,,
,,,
λ
ν
λ
ν
λ
ν
λ
νν
++−−
= ememememm eeee
A
e ,     (36) 
 
 
4231
νννν mmmm = ,         (37) 
 
 
4231
eeee mmmm = ,         (38) 
 
where 4343 ,, λλλλ > , are some non-negative real numbers and em ,ν are the two leptonic mass 
scales.   
 
4. Experimental Constraints on Mass Spectrum and Mixing 
 
We now compare DK-SM mass parameters with the experimental data. Note that, 
since 21 λλ ++ > ee , according to the SM scheme of generation numbering in the order of 
increasing mass, in our formalism the third member of the DK-SM multiplet with 3=A  has 
the highest mass and, therefore, represents the fourth generation of the SM-4. The 4=A  
member corresponds to the observed third generation of the SM. From now on we shall 
switch the numbering of the states with 4,3=A  so that spectrum is ordered as in the SM. 
Our mass predictions necessarily suffer from an inconsistency, caused by using the 
experimental mass values corresponding to renormalized masses obtained from unrelated bare 
masses. The correct approach is to bring all mass parameters to the same energy scale using 
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the renormalization group analysis based on DK-SM. Still, even tree level predictions can 
give us some feeling about the degree of the agreement between our model and the 
experiment and thus provide a test for our model. 
We begin with the lepton mass spectrum. The masses of the first three generations of the 
charged leptons are known with high accuracy. However, considering the potentially large 
differences caused by differing energy scales used in mass computations, we shall quote the 
predicted values with two-digit accuracy only. Using (38) and the charged lepton mass values 
from [17] we obtain for the fourth charged lepton, provisionally called the κ (kappa)-lepton, 
 
 GeV
m
mm
m
e
e 3704 ≅=
τµ
.        (39) 
 
For neutrinos only the differences in squared masses are known. From [17] we obtain 
232
32
252
12 104.2,106.7 eVmeVm
−−
⋅≅∆⋅≅∆ . We now note that unless 21 νν mm << , mass 
relation (37) would imply the existence of the fourth light neutrino, which is ruled out by the 
experiment [17]. We, therefore, have to assume that 
µνν
mm
e
<< . Therefore, our model selects 
from possible mass identifications the normal hierarchy for neutrino masses with ( ) ( ) 232322252122 104.2,106.7 eVmmeVmm −− ⋅≅∆=⋅≅∆= τµ νν . Hence, we obtain for neutrino 
masses for the second and the third generations eVm 3107.8 −⋅≅
µν
, eVm 2109.4 −⋅≅
τν
. At the 
same time we obtain a see-saw-like mass relation for the electron neutrino and κ - neutrino  
 
 
222102.4
4
GeVmmmm
e
−
⋅≅=
τµ νννν
.      (40) 
 
Since experimentally GeVm 100
4
>ν  [17] 2 , we obtain GeVm e
2410−<ν . Note that throughout 
the paper we assumed that neutrinos are Dirac particles.   
We now turn to quark mass spectrum. Free quarks have never been observed and for up or 
down quark mass one does not have direct experimental measurements. Most reliably these 
masses are computed using lattice simulations that use the SM. A more consistent approach 
would be to use DK-SM, which would not use the 33×  unitarity constraints. Even taking the 
SM calculations as applicable for our purposes there is a large uncertainty in the computed 
masses of the up and down quarks. The choice of the subtraction scheme used to determine 
sm  also causes a significant variation in the mass of the strange quark. With all these 
reservations using data in [17] we obtain that 
  
 
( ) TeVmt 14060' −≈  ,        (41) 
 
 
( ) GeVmb 15060' −≈  .        (42) 
 
The range for 
'tm  is too high for 't detection at LHC. At the same time the tree level range 
for 
'bm  is too low. The most current lower bound on mass of ( )'' tb mm , derived using the SM,  
is ( ) GeV335385 [18].  If the range in (42) cannot be brought up by using consistent DK-SM 
calculations of the radiative corrections or other effects then our model would have a serious 
problem.  The mass values for the first three generations, the mass estimates of the 4th 
                                                 
2
 Despite this bound the possibility of existence of sterile neutrinos in << 100 GeV mass range is under 
discussion. See for example [21].
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generation, and related parameters are summarized in Fig. 1. We observe that iλ  and m  
parameters for down quarks and charged leptons differ by a relatively small factor. On the 
other hand, neutrinos stand out with very small m , while the electron neutrino and the fourth 
neutrino have very large 301 ≈λ . If we assume that 101 ≈λ as is for other lepto-quarks then 
the 4th neutrino mass should lie below KeV1 .  
The precision EW data and the SM impose a well-known constraint on the masses of the 
4th generation quarks in SM-4. At one-loop level the quark mass difference is given [7, 8, 11] 
by ( ) ( )( ) GeVGeVmmm Hbt 55115ln511'' ×+≈− . This constraint is compatible with (34, 35)  
if we put ∞≅Hm , which is another way to say that the Higgs field decouples from the 
fermionic sector of our theory. However, in order for our model to become 
phenomenologically viable, the large difference GeVmm bt
3
''
10≈− needs to be reconciled 
with all EW data. We shall discuss this and related issues in the forthcoming publication. 
 
 
  
ν  
 
e  
 
d  
 
u  
 
1λ  
 
 
2λ  
 
 
m  
 
 
1m  
 
 
2m  
 
 
3m  
 
 
4m  
 
 
 
 
93.082.0 −  
 
 
 
 
 
 
 
 
 
 
 
 
( ) 12105048 −⋅−  
 
 
100>  
 
0.9  
 
 
4.1  
 
 
43.0  
 
 
4101.5 −⋅  
 
 
11.0  
 
 
8.1  
 
 
370  
 
3.56.4 −  
 
 
3.25.1 −  
 
 
79.057.0 −  
 
 
( ) 3108.51.4 −⋅−  
 
 
13.008.0 −  
 
 
( )8.41.4 −  
 
( )15060 −
 
 
 
 
1.93.8 −  
 
 
5.27.1 −  
 
 
1514 −  
 
 
( ) 3103.37.1 −⋅−  
 
 
3.1  
 
 
170  
 
 
( ) 31014060 ⋅−  
 
 
 
 
 
 
 
 
( ) 11101.20.2 −⋅−  
Fig. 1. Masses (GeV) and related parameters in the DK-SM. 
The underlined mass values are DK-SM estimates. The remaining mass 
values, quoted with two digit precision, are from [17]. The spread for 
the strange quark mass is the combined spread for MS and 1S 
subtraction schemes. 
 
29>  
2410−<  
( ) 12108.86.8 −⋅−  
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We now briefly describe mixing in the DK-SM. In Section 3 we proved that there exists a 
Bogoliubov transformation in the phase space that transforms the off-shell free action of the 
DK-SM model into the free action of SM-4 model with the same mass spectrum. We note 
now that, in principle, the same can be done for the interacting theory. That is, there exists a 
Bogoliubov transformation in the phase space that preserves the anti-commutation relations, 
redefines one-particle states, and transforms the full action (19) of the DK-SM into action of 
the SM-4. This conjecture is reasonable, because the gauging procedure both for Dirac and 
DK spinors is essentially unique. It holds true for the degenerate case when ji λλ =  within 
DK multiplet. 
One consequence of the conjecture is the form of the 44 ×  unitary mixing matrix of the 
corresponding SM-4.  The quark mixing matrix is defined as += dLuLDK WWW . Since according 
to our conjecture dududuL WWW ,34,12,23,14, = , where index klij,  denotes ( )2U  mixing of generations 
ij  and, separately, generations kl , we obtain that the full mixing matrix must have the form 
 
 
d
BP
u
B
duduDK WWWWWWW ≡= 23,1434,1223,14
~
       (43) 
 
where duBW
,
, PW  belong to two different  ( ) ( )22 UU ×  subgroups of flavor ( )4U . Similar 
decomposition exists for the leptonic sector. duBW , , called the Bogoliubov or b-mixing 
matrices, mix only 4,1=A  and separately 3,2=A  states and have the texture 
 












××
××
××
××
=
00
00
00
00
,bu
BW ,   ( ) ( )22,´ UUW duB ×∈ .     (44)  
 
At the same time PW , called the premixing or p-matrix,  mixes only 2,1=A  and separately 
4,3=A  states and has the texture 
 












××
××
××
××
=
00
00
00
00
PW , ( ) ( )22 UUWP ×∈ ,      (45) 
 
where ×  denotes non-zero entries. 
Decomposition of PW  into direct product of two ( )2U  factors follows from its definition. 
For duBW
,
 it follows from the factorization of the characteristic equations (31, 32). It is 
important to note that the order of the factors in (43) is fixed. This is because we performed 
the removal of the ( ) ( )22 UU ×  factors in (12) first and only then applied the diagonalizing 
Bogoliubov transformation.  
We shall postpone detailed discussion of the properties of DKW  till a follow-up 
publication. However, as an example, we note that DKW  in (47) reproduces the known near-
tri-bimaximal mixing texture of the leptonic sector [17, 19, 20]. If we set IW uB =  and for the 
remaining factors take 
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











−
−
=
1414
2323
2323
1414
00
00
00
00
cs
cs
sc
sc
WB ,   












−
−
=
3434
3434
1212
1212
00
00
00
00
cs
sc
cs
sc
VP ,  (46) 
 
where B
e
B WW ≡ , ABABs θsin≡ , etc,  we obtain for the upper 33×  block  
 










−
−
−
=
342312231223
342312231223
341412141214
cccsss
csccsc
sssccc
W DKSM .      (47) 
 
For 0,1 1414 == sc , 2/1,2/1 2323 −== sc , we obtain from (47) a near tri-bimaximal 
form for the PMNS mixing matrix 
 










−
−−==
2/2/2/
2/2/2/
0
341212
341212
1212
ccs
ccs
sc
UW PMNS
DK
SM .     (48) 
 
Non-zero 3414ss  can also accommodate a non-vanishing ( )3e  element of PMNSU . Choosing 
114 ≅c , 114 <<s ,  1,1 2323 <<≅ sc  reproduces the texture of the absolute values of CKMV  in 
the quark sector, where mixing of the third generation is suppressed in comparison to the first 
two. 
 
5. Summary 
 
We established that the use of Dirac-Kähler spinors instead of Dirac spinors leads to 
constraints on mass spectrum and mixing of the SM-4 extension. The spectrum of the DK-SM 
obeys mass relations that can be used to estimate masses of the 4th generation quarks, the 
mass of the fourth charged lepton, to select normal hierarchy for neutrino masses, and to 
establish a see-saw-like relation between the electron and the 4th neutrinos. The tree-level 
estimate of the 4th charged lepton turns out to be very precise. The 4th generation bottom mass 
estimate appears to be too low and is ruled out by the experiment. Our mass estimates are 
given at tree level and definitive predictions have to include the radiative corrections 
computed within the framework of the DK-SM.  Considering the relatively small differences 
in the iλ  and m  parameters for most of the particles, we should expect that the correction 
should not be by a large factor. Therefore, we should expect that the mass of the fourth 
charged κ -lepton and of 'b should lie within the operational range of LHC.  
Whether or not the DK-SM can serve as a phenomenologically viable extension of the SM 
still remains an open question. The large predicted difference in masses between t′  and b′  
must be explained, in view of strong EW constraints coming from the oblique parameters [7, 
8, 11, 22]. In addition to addressing the potential 
'bm problem, the known absolute values and 
phases of the CKM and PMNS mixing matrices must be computed within the framework of 
the DK-SM and agree with the known experimental values. We shall address these issues in 
another publication. 
 
 
  
    
 - 14 - 
Acknowledgement 
 
I would like to thank the members of the Elementary Particle Theory Group at the IKTP, 
Dresden for interesting discussions. 
References 
 
[1]   J. M. Rabin, Homology theory of lattice fermion doubling, Nucl. Phys. B201 (1982)  
        315-332. 
[2]   P. Becher and H. Joos, The Dirac-Kähler equation and fermions on the lattice,   
        Z. Phys. C15 (1982) 343-365. 
[3]   T. Banks, Y. Dothan and D. Horn, Geometric fermions, Phys. Lett. B117 (1982)  
        413-417. 
[4]   I. M. Benn and R. W. Tucker, A generation model based on Kähler fermions, Phys. Lett. 
        B117 (1982) 348-350. 
[5]   I. M. Benn and R. W. Tucker, Commun. Math. Phys. 89 (1983) 341-356. 
[6]   A. N. Jourjine, Space-time Dirac-Kähler spinors, Phys. Rev. D35 (1987) 757-758. 
[7]   H.-J. He, N. Polonsky, S. Su, Extra Families, Higgs Spectrum and Oblique Corrections, 
        Phys. Rev. D64 (2001) 053004 , arxiv:hep-ph/0102144. 
[8]   G. D. Kribs, T. Plehn, M. Spannowsky and T. M. P. Tait, Phys. Rev. D76, 075016. 
[9]   B. Holdom et al, Four statements about the fourth generation, arXiv:0904.4698/v1. 
[10] K.M. Belotsky, M.Yu.Khlopov and K.I.Shibaev, Stable quarks of the 4th family?,  
        in "The  Physics of  Quarks: New Research." NOVA, 2008, arXiv:0806.1067.  
[11] M. Bobrowski et al., How much space is left for a new family?, arXiv:0902.4883/v3. 
[12] A. N. Jourjine, Mass mixing, the fourth generation, and the kinematic Higgs mechanism, 
        Phys. Lett. B 693 (2010) 149–154, arXiv:1005.3593v3. 
[13] E. Kähler, Der innere Differentialkalkül, Rend. Mat. Ser., 21 (1962) 425-523. 
[14] W. Graf, Ann. Inst. Poincare, Differential forms as spinors, Sect A29 (1978) 85-109. 
[15] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory,  
        Westview Press, 2007. 
[16] C. Itzikson and J.-B. Zuber, Quantum Field Theory, Dover, 2005. 
[17] K. Nakamura et al., JPG 37, 075021 (2010), http://pdg.lbl.gov.  
[18] [CDF Collaboration], CDF10243,  
        http://www-cdf.fnal.gov/physics/new/top/2010/tprop/bprime public/conference note.pdf; 
        [CDF Collaboration], CDF10110,  
        http://www-cdf.fnal.gov/physics/new/top/confNotes/tprime CDFnotePub.pdf. 
[19] P. F. Harrison, D. H. Perkins, and W.  G. Scott, Tri-Bimaximal Mixing and the Neutrino 
        Oscillation Data, Phys. Lett. B 530 (2002) 167,  arXiv: hep-ph/0202074. 
[20]  M. Abbas and A. Yu. Smirnov, Is the tri-bimaximal mixing accidental?,  
         arXiv:hep-ph/1004.0099v1. 
[21] S.N. Gninenko, Comments on arXiv:1011.3046 "Muon Capture Constraints on Sterile 
        Neutrino Properties", arXiv:1011.5560 and references therein. 
[22] O. Eberhardt, A. Lenz, and J. Rohrwild, Less space for a new family of fermions 
        arXiv:hep-ph/1005.3505v2. 
 
